We study the second-order scalar perturbations in the conventional ΛCDM Universe within the cosmic screening approach. We get the analytic expressions for the position-dependent scalar perturbations. The small-scale limit of these perturbations is also obtained. In the era of precision cosmology, these analytic formulas play an important role since they enable to reveal and investigate different nonlinear effects, including backreaction.
both the position-dependent and velocity-dependent source terms enter the equations additively. Therefore, we can study them separately. As a result, we find analytic expressions for the position-dependent secondorder scalar perturbations.
The paper is structured as follows. In section 2 we briefly describe the background model and the first-order scalar perturbations. Then, we present the equations for the position-dependent second-order scalar perturbations. These equations are solved in section 3. In section 4 we study the Newtonian and post-Newtonian approximations for the found analytic solutions. In the concluding section 5 we summarize and discuss the obtained results. In Appendix A we collect formulas which we use to solve the equations for the second-order scalar perturbations.
2. From the background model to the second-order scalar perturbations: basic equations
Background model
We start with the unperturbed FLRW metric
where a(η) is the scale factor, η is the conformal time, and x α , α = 1, 2, 3, represent the comoving coordinates. It is supposed that the spatial curvature is zero. Let us write down the corresponding Friedmann equations in the framework of the ΛCDM model:
where H ≡ a ′ /a ≡ (da/dη)/a, with the prime standing for the derivative with respect to η, while κ ≡ 8πG N /c 4 (with c denoting the speed of light and G N being the Newtonian gravitational constant). In addition, ε stands for the energy density of nonrelativistic pressureless matter, Λ denotes the cosmological constant, and the overline indicates the average. Obviously, the average energy density is defined by the constant average comoving mass density ρ as follows: ε = ρc 2 /a 3 . From Eqs. (2.2) we can easily get a useful auxiliary equation
First-order scalar perturbations
The described above background Universe is perturbed by inhomogeneities in the form of discrete pointlike masses with mass density
These masses/particles may represent galaxies and their groups. The mass density fluctuation is
It is important to note that we do not assume the smallness of the mass density contrast, i.e. δρ/ρ can be much larger than unity. Hence, our scheme is valid at both superhorizon and subhorizon scales. The inhomogeneities result in scalar perturbations of the metric (2.1). In the conformal Newtonian gauge and in the first-order approximation, the perturbed metric is [16, 17, 18, 19 ] 6) where the first-order scalar perturbation Φ(η, r) satisfies the inequality |Φ| ≪ 1. This means that we work in the weak gravitational field limit. It is well known that, e.g., in the vicinity of galaxies the mass density contrast is much larger than unity, however the gravitational field is weak. Additionally, we assume that the particle peculiar velocities are much less than the speed of light: |v n | = |cdr n /dη| ≪ c. For example, the today's typical values are (250 ÷ 500) km/s. In the present paper we investigate perturbations which are defined by the positions of the particles but not their peculiar velocities. As demonstrated in [10] , the contribution of the velocity-dependent corrections into the total expression for the first-order scalar perturbation Φ is negligible. In this case the gravitational potential Φ satisfies the following Helmholtz-type equation [10] : 
where
Second-order scalar perturbations
Let us turn now to the second-order scalar perturbations Φ (2) (η, r) and Ψ (2) (η, r). The corresponding metric reads
The main aim of the present paper consists in determination of these perturbations. According to [15] , the functions Φ (2) (η, r) and Ψ (2) (η, r) satisfy the following system of master equations:
14)
16) [15] where we disregard the peculiar velocities and vector perturbations. Now, we should solve these equations.
Analytic solutions for the second-order potentials Φ
(2) and Ψ
The potential Ψ (2) is the solution of Eq. (2.12). To solve this equation, we should determine its right-hand side. First, from Eq. (2.15) we obtain the function Q ( ) :
Taking into account Eq. (2.7) for ∆Φ, the function Q 00 (2.14) can be rewritten in the form
Then, Eq. (2.12) takes the form
where we used Eq. (2.7) and the auxiliary equality
It makes sense to define a new function
which satisfies the equation
To solve this equation analytically, we resort to a supplementary simplification. Namely, we concentrate on those sources of the second-order perturbations, which dominate at sufficiently small distances where the mass density contrast is typically large. In the case of Eq. (3.6) this means dropping the term ∼ Φ 2 while keeping the term ∼ Φδρ in the right-hand side. Such a simplification implies failing to take into account all sources at large enough distances, but this failure is insignificant since the disregarded sources (such as the term ∼ Φ 2 ) are much less than the corresponding first-order ones in the considered large-scale spatial region, where the linear relativistic perturbation theory works very well (see the argumentation in [20] and Refs. therein). Returning to Eq. (3.6), we have ∆χ − 3κρc
This is the Helmholtz-type equation with the Green's function
Therefore, we look for its solution in the form
where the integrals I 1 and I 2 are given by the formulas (A.1) and (A.2), respectively. The prime over the double sum indicates that the summation indices must not coincide. Substituting these integrals and taking into account Eq. (3.5), we finally get
In spite of the presence of the first-order term in the right-hand side, this function in total is of the second order. We clearly demonstrate it for the case of the small-scale limit in the next section (see the formula (4.8)). 
where we used Eq. (2.7). After lengthy calculations one can also derive
Therefore, the function Q (S) satisfies the following equation:
To solve this equation, we introduce a new function 14) which satisfies the equation ∆f = ∇ (ρ∇Φ) . Now, applying the inverse Laplace operator ∆ −1 to Eq. (3.13), we get 
Using the same reasoning as for Eq. (3.6), we drop the term ∼ Φ 2 in the right-hand side. The solution of the resulting equation can be found with the help of the Laplace operator Green's function
Let us introduce two new functions F 1 and F 2 :
Therefore, for Q (S) we get
and
The function F 2 can be also expressed as follows:
where we used the integral (A.3). Finally, the potential Φ (2) reads:
where Ψ (2) and Q (S) are given by Eqs. (3.10) and (3.21), respectively.
Newtonian and post-Newtonian cosmological approximations
In the present section we consider the derived above formulas at distances much smaller than the screening length: µr = ar/λ = r ph /λ ≪ 1, where r ph = ar is the physical distance. Thereby we analyze the Newtonian and post-Newtonian approximations. We call them cosmological since the obtained expressions depend on the scale factor a. To study these limits, we consider an auxiliary model. In this model a sphere of comoving radius R contains N discrete particles. Outside this sphere, the rest of the Universe is uniformly filled with matter with the constant comoving mass density ρ. For such a geometrical configuration, we will get the first-and second-order perturbations in a point with radius-vector r inside the sphere: r < R. Additionally, we assume that the physical radius of the sphere is much less than the screening length: aR/λ = µR ≪ 1.
Gravitational potential
It is well known (see, e.g., [21] ) that the first-order perturbation Φ(η, r) corresponds to the gravitational potential. In the cosmic screening approach this function is given by Eq. (2.9). In the case of the described above model, the function (2.9) takes the form
where the sum is taken over all discrete masses inside the sphere (i.e. r n < R). Since we consider the point inside the sphere (r < R), the integral in (4.1) coincides with I 1 (r < R) given by (A.5). Therefore,
In the limit µR → 0 ⇒ µr → 0, µr n → 0 we obtain 3) where Φ N is the Newtonian potential at the position r inside the sphere, produced by all N discrete masses. It is worth reminding that κc 2 /(8π) = G N /c 2 and the physical distance r ph = ar. The formula (4.3) clearly demonstrates that for the considered model and in the given approximation the gravitational potential is determined by the particles from the nearest environment, and the term 1/3 is exactly compensated by the contribution of an infinite number of remote particles. As a result, the discussed expression is truly of the first order of smallness.
Second-order perturbations
Let us study now the second-order perturbation Ψ (2) (η, r) given by the formula (3.10). According to the previous subsection, in the Newtonian limit Φ 2 → Φ 2 N . Therefore, we only need to investigate the function χ. For the considered model with N discrete particles inside the sphere and uniformly distributed matter outside the sphere, the function χ takes the form
Here the introduced term S N incorporates pure sums. The integrals I 1 (r < R), I 2 (r < R) and I 3 (r < R) are given by Eqs. (A.5), (A.7) and (A.9), respectively. In the last line of (4.4) r k are the radius-vectors of discrete particles inside the sphere. To evaluate the expression in this line, we suppose that the discrete masses are concentrated in the central part of the sphere, i.e. r k ≪ R ⇒ r k ≪ r ′ . Hence, 
In the limit µR → 0 ⇒ µr → 0, µr k → 0 we obtain
Therefore, taking into account Eqs. (3.10) and (4.3), the potential Ψ (2) (η, r) tends to 8) in full agreement with the formula (3.73) in [15] . This expression clearly demonstrates that Ψ (2) is really of the second order of smallness.
To investigate the same limit of the second-order potential Φ (2) (η, r), we need to substitute (4.8) as well as the limit of Q (S) into Eq. (3.25). One can show that
Consequently, we find
The expressions (4.9) and (4.10) agree with the formulas (3.74) and (3.75) in [15] , respectively. It is worth mentioning that the position-dependent second-order scalar perturbation Φ
N coincides with the corresponding expression for the post-Newtonian metric correction presented in the textbook [21] if one chooses the proper gauge [15] .
Conclusion
In the present paper we have studied the second-order scalar perturbations for the ΛCDM cosmological model. We have found the analytic expressions for the position-dependent perturbations (see Eqs. (3.10) and (3.25)). We have also studied the Newtonian and post-Newtonian approximations for these solutions. In the small-scale limit, the obtained formulas conform with the corresponding expressions in [15, 21] . These analytic formulas play an important role since they enable to reveal different nonlinear effects, including backreaction, and to determine how strong the backreaction is and to what extent we may use the standard FLRW metric as a background one. Obviously, the perturbative approach is robust if the second-order corrections are much smaller than the first-order ones. If this is the case, it is usually enough to be limited to the first order. However, how can we know it from numerical simulations? Performing a numerical simulation, which takes into account the second-order perturbations, is not an easy task. Instead of such a complicated procedure, we suggest the following test. The simulation can be performed on the basis of the first-order approach. After that one can calculate the first-order perturbation Φ at a number of points. On the other hand, using our analytic expressions, one can calculate the second-order perturbations Φ (2) and Ψ (2) at the same points. Then, if Φ ≫ Φ (2) , Ψ (2) , the perturbative scheme is robust and the backreaction is apparently negligible. In the opposite case the backreaction should be certainly taken into account. Even if the backreaction is small, in the era of precision cosmology, the analytic expressions for the second-order perturbations can be very helpful in revealing other observable nonlinear effects [5] .
